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Introduction 

We construct three classes of examples of purely infinite, simple, unital C*-algebras, 
which may be of special interest. Some of these constructions use Voiculescu's theory freeness 
and his construction of reduced free products of operator algebras, (sec [14], see also [1]). 
The first class of examples consists of separable, purely infinite, simple, unital C*-algebras 
which are not approximately divisible in the sense of [2]. These are the first such examples, 
and they are constructed by applying a theorem of L. Barnett [4] concerning free products of 
von Neumann algebras, and using an enveloping result proved in this paper. The existence 
of C*-algebras with these properties was claimed in [2, Example 4.8], but the proposed proof 
was later seen to be slightly deficient. With Kirchberg's result, which entails that all nuclear, 
simple, purely infinite C*-algebras are approximately divisible, (see §1), these examples have 
become more important and deserving of a complete and correct description. 

Skipping ahead, the third class of examples consists of reduced free products of C*- 
algebras. Relatively little is understood about the order structure of the Kq group of reduced 
free product C*-algebras, and the knowledge of whether projections in these C*-algebras are 
finite or infinite is sporadic. Thus, they are worthy objects of interest, particularly in light of 
the open question of whether a simple C*-algebra can be infinite but not purely infinite. We 
investigate a certain class of reduced free products involving non-faithful states, namely 

(21, ^) = {A, ^a) * (M„(C) <^B,^n® ^b), 

where A ^ C and B are C*-algebras with states ipA and ipB^ and where is the state on 
M„(C) whose support is a minimal projection. We show that 21 can be realized as the n x n 
matrices over the crossed product of a C*-algebra by an endomorphism. We go on to show 
that, under fairly mild hypotheses, 21 is purely infinite and simple. 

Both the second and (as mentioned above) the third class of examples involve crossed 
products of unital C*-algebras by non-unital endomorphisms. These are thus in the spirit of 
Cuntz's presentation of the algebras 0„ [6]. We give sufficient conditions for such a crossed 
product to be purely infinite and simple. The second class of examples is the case of the 
crossed product, A xio- N, of ^ = 0^5, for B simple and unital, by the endomorphism 
a{ai (E>a2CS> ■ ■ ■ ) = p (S) ai (g) 02 ^ ■ ■ ■ , ior p e B a. proper projection. Indeed, the Cuntz algebra 
On is obtained when B = Af„(C) and p is a minimal projection. We show that all such yl x<t N 
are purely infinite and simple. 
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§1. Non— approximately divisible C*— algebras 

We show in this section that a theorem of L. Barnett implies that there exist purely infi- 
nite, simple, separable, unital C*-algcbras that are not approximately divisible. In particular, 
if A is such a C*-algebra, then A is not isomorphic to A^ Ooo- 

E. Kirchberg has recently proved that if A is a purely infinite, simple, separable, nuclear, 
unital C*-algebra, then there exists a sequence of unital *-homomorphisms /x„ : Ooo A such 
that iJ,n{b)a — afin{b) ^ as n ^ oo for all a G A and b G Ooo- He concludes from this that A 
is isomorphic to A(g)Ooo (see [9]). Since O^o itself is purely infinite, simple, separable, nuclear 
and unital, it follows that Coo is isomorphic to Ooo <8) Ooo ■ Hence A is isomorphic to A (g) Ooo if 
and only if A is (isomorphic to) B (g) Oqo for some C*-algebra B. In [2] a unital C*-algebra A 
is called approximately divisible if there exists a sequence (or a net, if A is non-separable) of 
unital *-homomorphisms Hn : M2(C) © Ms{C) — > A such that jin{h)a — a^n{b) — > as n — > oo 
for all a G A and h G M2(C) ® Mi{C). Since there is a unital embedding of M2(C) ® M3(C) 
into Ooo, we conclude from the remarks above that each C*-algebra, which is isomorphic to 
A (g) for some unital C*-algebra A, is approximately divisible. 

Theorem 1.1. (L. Barnett [4]). There is a type Ill-factor M. with a faithful normal state ip 
and with elements a,b,c e A4 such that 



for every x e M. 

Corollary 1.2. Let M and a,b,c & M be as above. Suppose A is a unital C* -subalgebra of 
A4 which contains a, b and c. Then A is not approximately divisible. 

Proof. Suppose, to reach a contradiction, that A is approximately divisible. Then there is a 
unital *-homomorphism : M2(C) © M3(C) A, such that 



for aU X G M2(C) © M3(C). There is a projection e G M2(C) © MsiC) such that 1/3 < 
(p{lj,(e)) < 1/2, where (p is the faithful normal state from Theorem 1.1. Indeed, the set F of 



x-ip{x) ■ < 14max{||[a;,a]||<^, ||[a;,6]||<^, || [x, c]||<^} 
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projections {p,q) € M2(C) © Ms{C), where dim(p) = dim.{q) = 1 is connected. Moreover, 
there exist ei, 62, 63 G T such that 1 = ei + 62 + 63 and < 63 < 63, whence 1/3 < (p{ii{e)) 
and ip{fi{f)) < 1/2 for some e,/ G F. 

Put p = /i(e). From Theorem 1.1 wc get \\p — ip[p)l\\^ < 14/30 since || • ||(^ < || • ||. On 
the other hand, since p is a projection, we have 



Here is the enveloping result mentioned in the introduction. 

Proposition 1.3. Let B be a unital (non-separable) C* -algebra, and let X be a countable 
subset of B. 

(i) If B is simple and purely infinite, then there exists a separable, unital, simple and 
purely infinite C* -algebra A such that X C A C B. 

(ii) If B is nuclear, then there exists a separable, unital, nuclear C* -algebra A such that 
XQAQB. 

(iii) // B is simple, purely infinite and nuclear, then there exists a separable, unital, simple, 
purely infinite and nuclear C* -algebra A such that X C. A <Z B . 

Proof. The proofs of (i) and (ii) are easily obtained from the proof given below of (iii) . 

Suppose B is simple, purely infinite and nuclear. We may assume that Is G X so that 
X Q A will imply that A is unital. Recall that a unital C*-algebra D is simple and purely 
infinite if and only if for each positive, non-zero a e D there exists x e D with xax* = 1. 
Moreover, x above can be chosen to have norm less than 2||a||~^/^. 

We will show how to construct a sequence X = Xq C Xi C X2 ^ • • • of countable subsets 
of B, a sequence ^1 C ^2 ^ A3 ^ ■ ■ ■ of separable C*-subalgebras of B, and a sequence 
^0 ^ ^1 ^ ^2 ^ • • • of countable families of completely positive, finite rank contractions from 
B into B such that the following four conditions hold for every n > 0. 

(a) For all £ > and for each finite subset F of X„ there exists such that 
\\ip{x) — < £ for all x e F. 

(b) (fiXr,) C An+i for all <f e 

(c) Xn+1 is a dense subset of An+i, and Xn+i H is a dense subset of A'^_^_^. 

(d) For each positive, non-zero a G X„ there exists an x G ^n+i such that ||x|| < 2||a||~-^/^ 
and xax* = 1. 



\p-(p{p)l\\l = (p{p) 



<f{pf > 2/9, 



a contradiction. 



□ 
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Indeed, given X„, since there are only countably many finite subsets of X„, by the Choi- 
Efi!'ros characterization of nuclearity, we can find a countable family of completely positive 
finite rank contractions satisfying (a). Moreover, if n > 1, then we may insist that D $n-i- 

For each positive, non-zero element a in i? choose x{a) G B such that ||x(a)|| < 2||a||-i/2 and 
x{a)ax{a)* = 1. Suppose X^, smd arc given (where Aq = {0}). Let be the 

C*-algebra generated by An and the countable set 

{if{x) \ X e Xn , <f e $n} U {x{a) \ a e Xn , a > 0, a ^ 0}. 

Then is a separable C*-subalgebra of B, An c An+i, and (b) and (d) hold. Now choose 
a countable subset Xn+i of B such that X„ C Xn+i and such that (c) holds. 
Set 

CO OO OO 

A=(jAn, Y=\JXn, $ = IJ 
n=l n=0 n=0 

Then F is a countable dense subset of A and ffiiA) C A for all G Hence, by (a), A is a 
separable, nuclear C*-subalgebra of B which contains X: (= Xq). We must also show that 

A is simple and purely infinite. Assume a (z A is positive and non-zero. By (c) we can find a 
(non-zero) positive a' € Xn for some n G N such that ||a — a'|| < By (d) there exists 

y ^ A such that ya'y* = 1 and ||y|| < 2||a'||~^/^. This implies that 

\\yay* — 1|| < • \\a — a'\\ < 1. 

Hence yay* is invertible. Set x = {yay*)~^^^y G A. Then xax* = 1 as desired. □ 

Theorem 1.4. There exist C* -algebras which are separable, unital, simple and purely infinite, 
but not approximately divisible. 

Proof. Combine Corollary 1.2 and Proposition 1.3 (i) with B = M. and X = {a,b,c}. Recall 
from [7] that every countably decomposable type Hl-factor is simple and purely infinite. □ 

Proposition 1.3 also allows us to sharpen Kirchbcrg's result, which was discussed at the 
beginning of this section, on the approximate divisibility of nuclear, simple, purely infinite, 
unital C*-algebras. Recall for this that a (non-unital) C*-algebra A is approximately divisible 
if A has an approximate unit consisting of projections and if pAp is approximately divisible 
(in the sense of [2]) for all projections p in A. 

Theorem 1.5. (cf. Kirchberg [9]). Every nuclear, simple, purely infinite C* -algebra is ap- 
proximately divisible. 
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Proof. Suppose ^ is a nuclear, simple, purely infinite C*-algebra. Then A has real rank 
zero by [15] and so, by [5], A has an approximate unit consisting of projections. For each 
(non-zero) projection p in A, pAp is nuclear, simple and purely infinite. 

Let F be a finite subset of pAp. By Proposition 1.3 (iii) there exists a unital, separable, 
nuclear, simple, purely infinite C*-subalgebra oi pAp such that F C ^o- From Kirchberg's 
theorem [9], Aq is isomorphic to Aq (8) Ooo and (so) is approximately divisible. It follows 
that there, for each e > 0, exists a unital *-homomorphism /x : M2{C)(BM^{C) Aq satisfying 
\\n{b)a - afj,{b)\\ < £\\b\\ for all a G F and b G M2(C) M3(C). Hence pAp is approximately 
divisible. □ 



§2. Crossed products 

Associate to each pair consisting of a unital C*-algebra A and an injective endomorphism 
a on A the crossed product ^ xi N, which is the universal C*-algebra generated by a copy of 
A and an isometry s such that sas* = a{a) for all a e A. The isometry s is non-unitary if a 
is not unital. 

Let A be the inductive limit of the sequence 

A^A^A^--- , 

and let iJ,n '■ A ^ A be the corresponding *-homomorphisms, which satisfy //n+i ° cr = /in and 

oo 

A= U^iUA). 

n=l 

Observe that iJ,n '■ A ^ /x„(l)A/x„(l) is an isomorphism if and only if cr is a corner endomor- 
phism, i.e. if a : A ^ a{l)Aa{l) is an isomorphism. If a is not a corner endomorphism, then 
A and A need not be stably isomorphic. 

There is an automorphism a on ^ given by a(/i„(o)) = /i„((7(a)) (= Hn-iia)) for a £ A. 
The map fin '■ A ^ A extends to an isomorphism /i„ :AXcrN^/Lt„(l)(^xicKZ)//„(l) which 
satisfies a o ft^, = Hn ° f^- 

Summarizing results from [10] and [13] we get the following sufficient conditions to ensure 
that crossed products by Z and by N are purely infinite and simple. 

Theorem 2.1. 

(i) Let A be a C* -algebra, A ^ C, and let a be an automorphism on A. Suppose that 
is outer for all m G N and that A has an approximate unit of projections {pn)T 
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the property that for each n G N and for each non-zero hereditary C* -subalgebra B 
of A there is a projection in B which is equivalent to d^{pn) for some m ^'L. Then 
A »a'^ is purely infinite and simple. 
(ii) Let A be a unital C* -algebra, A ^ C, and let a be an infective endomorphism on A. 
Let a be the automorphism on A associated with a as described above. Suppose that a™ 
is outer for all m G N, and suppose that for each non-zero hereditary C* -subalgebra 
B of A there is a projection in B which is equivalent to (7™(1) for some m G N. Then 
A Xcr^ is purely infinite and simple. 

Proof, (i) By [13, Theorem 2.1] and its proof, the claim follows if the conclusions of Lemmas 
2.4 and 2.5 in [13] hold. Now, [13], Lemma 2.4, holds whenever a™ is outer for all m G N. 
Secondly, the conclusion of [13], Lemma 2.5, is equivalent to the assertion that every non-zero 
hereditary C*-subaIgebra of A contains a projection, which is infinite relative to the crossed 
product A Xct'^- To prove this from the assumptions in (i), it suffices to show that at least 
one of the projections in the approximate unit {Pn)T infinite in ^ Z. 

Since A^C there is an n G N such that PnApn 7^ Cp„. Let 5 be a non-trivial hereditary 
C*-subalgebra of PnApn and let g be a projection in B which is equivalent to a"^{pn) for 
an appropriate m G Z. Because a"^{pn) is equivalent to p„ in A Xq, Z and g is a proper 
subprojection of p„, we conclude that pn is infinite. 

(ii) Since yl xIq- N is isomorphic to jj,i{l){A xi^ Z)/ii(l), it suffices to show that A xi^ Z is 
simple and purely infinite. Set Pn-m = Then {pn)n£Z is an increasing approximate 

unit of projections for A, and a(p„) = Pn-i- It suffices, by (i), to show that each non-zero 
hereditary C*-subalgebra B of A contains a projection equivalent to Pn for some n G Z. 
Equivalently, we must show that for each non-zero positive a in A, we have p„ = xax* for 
some n G Z and some x e A. Find m G N and b in A+ such that \\iJ,m{b) — a\\ < ^\\a\\. It 
follows from [12], 2.2 and 2.4, that yay* = Hm{c) for some non-zero positive cin A and some 
y in A. By assumption, cf^{1) = zcz* for some A; G N and some z e A. Hence p„ = xax* when 
n = m — k and x = iJ,m{z)y. □ 

We shall consider the following more specific example. Let i? be a simple, unital C*— 
algebra which contains a non-trivial and proper projection p. Set 

00 

A = (SlB, (1) 
i=i 

and let a be the injective endomorphism on A given by a{a) = p® a. In (1), one must take 



8 DYKEMA AND R0RDAM 

tensor product norms making A into a C*-algebra such that a exists and is injective. This is 
possible, for example, by using always (8)min or always (8)max- 

Theorem 2.2. With A and a as above, the crossed product ^ xig- N is simple and purely 
infinite. 

The theorem is proved in a number of lemmas that verify that the conditions in Theorem 
3.1 (ii) hold. 

Lemma 2.3. // a is the automorphism on A associated to a, then a™ is outer for every 
m G N. 

Proof. If a™ were inner, then a™ (a) = a for some non-zero a e A. As before, set Pn-m = 
/i„(o-™(l)) and let 

en = l(8)l(8)---(8)l(8)p(8)l(8)---G^, 

with p in the n'th tensor factor. Then WpnO-Pn — o|| tends to and ||/Xn(l ~ e2n)a|| tends to 
||a|| as n tends to infinity, and p_„ is orthogonal to /x„(l — e2n) for all n. Because 

\\Pn+maPn+m " "II = \\o!"^ {Pn+maPn+m " = \\PnaPn - a\\, 

it follows that a = PnaPn for all n G Z. Hence /in(l — e2n)o = for all n G N, which entails 
that a = 0, in contradiction with our assumptions. □ 

For the remaining part of the proof of Theorem 2.2 we need to consider comparison theory 
for positive elements as described in [7], [3] and [12]. We remind the reader of the basic theory. 

Let A be a C*-algebra and set M^{A) = U^^^ M„(A). For a,b € M^{A)+ write a ;< b 
if there is a sequence in Mao{A) such that Xnbx"^ — > a. This order relation extends the 
usual Murray-von Neumann ordering of the projections in Moo{A). If a G A'^ and if p is a 
projection in A, then p a if and only if p is equivalent to a projection in the hereditary 
C*-subalgebra aAa, which again is the case if and only if p = xax* for some x e A. 

Let a, 6 G Moo{A)~^. Write a ~ 6 if a 6 and 6 o, and let a 6 be the element of 
-^oo(^)''' obtained by taking direct sum. Put 

S{A)=M^{A)+/^, 

let (a) G S{A) denote the equivalence class containing a G Moo{A)~^ , set (a) + (6) = (a©6) and 
write (a) < {b) if a ;< b. Then {S{A),+,<) is an abelian preordered semigroup. Let DF{A) 
be the set of states on S{A), i.e. the set of additive, order preserving functions d : S{A) M 
such that sup{(i((a)) \ a & A} = I. 
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Lemma 2.4. (cf. [8, Lemma 4.1]). If A is a unital simple C* -algebra, and ift,t' G S{A) are 
such that d{t) < d{t') for all d G DF{A), then nt < nt' for some n e N. 

Proof. The set of dimension functions DF{A) is weakly compact, which entails that 

(c =) SMY){d{t)/d{t') I d G DF{A)} < 1. 

Find m,m' G N such that c < m' /m < 1. Then d{mt) < d{m't') for aU d £ DF{A). By [12], 
3.1, this implies that kmt + u < km't' + u for some A; G N and some u G S{A). Because A is 
algebraically simple being a simple unital C*-algebra, every non-zero element of -S'(^) is an 
order unit for S{A). It follows that lk{m — m')t' > u for some I G N. Repeated use of the 
inequality kmt + u < km't' + u yields Ikmt + u < Ikm't' + u. Hence, if n = Ikm^ then 

nt < Ikmt + u< Ikm't' + u< Ikm't' + lk{m — m')t' = nt', 

as desired. □ 

Lemma 2.5. Let A be a unital, simple, infinite dimensional C* -algebra. For each non-zero 
a in A'^ and for each m G N there is a non-zero b in such that m{b) < (a) in S{A). 

Proof. It suffices to show this in the case where m = 2. Since A is infinite dimensional 
there exist two non-zero mutually orthogonal positive elements ai and 02 in the hereditary 



subalgebra aAa. Observe that (oi) + (02) = (ai + 02) < (a). By [11], 3.4, there is a unitary 
u in A such that 



uaiAaiu* n 02^02 7^ {0}. 



Let 6 be a non-zero positive element in this intersection. Then b G 02^02 and u*bu G aiAai, 
whence (6) < (ai) and (6) < (02). This implies 2(6) < (a). □ 

Lemma 2.6. Let Abe a C* -algebra, let Aq be a C* -subalgebra of A and suppose that a,b e A'^ 
are such that n{a) < n{b) in S{Ao) for some n G N. Suppose further that for some m G N there 
is a set of matrix units (ejj)i<jj<„ in Mm{A n A'q) and that there is a projection e e AD A'q 
such that 

(e 0\ 


\o o/ 

is equivalent to en in Mm{Ar\ A'q). Then n{ae) < m{b) in >S'(^). 
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Proof. Put 



/a 



Vo 



0\ 



aj 



\0 



e M„(Ao). 



Then (o) = n{a) and (6) = n{b), and so (o) < (b) in <S'(^o)- It follows that Xkbxl a for 
some sequence (xk) in Mn(Ao)- Let Xk{i,j) G be the (i, j)'th entry of Xfc, set 



/a 







Vo a/ 

in Mj„(Ao)) and set 

Then 



Vo 



6/ 



/Xk{i,j) 



V 



\ 



yk= ^ Xk{hj)eij G M^(A). 



= 5Z ^k{i,a)bxk{j,a)*eij a ^eu. 
Since d commutes with M^(^ n ^q) and e is equivalent to en in M^(A r\ Aq) we get 

n n 

i{ae) = n{de) = '^{aeu) = {d'^eu) < (b) = m{b). 



n{ 



i=l 



1=1 



□ 



Lemma 2.7. Let A be a C* -algebra, and let be an increasing sequence of C* -subalgebras 

of A whose union is dense in A. 

(i) For every non-zero positive element a in A there is an n G N and a non-zero positive 
element b in A^ such that (6) < (a) in S (A) . 

(ii) Ifp is a projection in A^ and b is a positive element in An such that (p) < (6) in S{A), 
then (p) < (b) in S{Am) for some m>n. 

Proof, (i) This follows easily from [12], 2.2 and 2.4. 

(ii) If {p) < (6) in S{A), then p = xbx* for some x in A (by [12], 2.4). Find m, > n and 
y G Am such that \\yby* — p\\ < 1/2. Then p < yby* (relative to A^) by [12], 2.2, whence 
(p) < {b) in SiAm). □ 

Let in the following A and a be as in Theorem 2.2. Set 

n 

= (05) «)C1«)C1«)--- CA 

.7=1 

Then (^n)i° is an increasing sequence of subalgebras of A whose union is dense in A. 
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Lemma 2.8. There exists m G N such that for each n G N there exists k e N for which 

n{a''il)) < m(l) m S{A). 

Proof. Observe first that 1 — o-(l) (= {l—p)^l^- • • ) is non-zero. Accordingly, (1 — cr(l)) is an 
order unit for S{A), and so (cr(l)) < m{l — a{l)) for some m G N. Hence (m+l)(cr(l)) < m(l), 
which again imphes that (m + l){a'^{l)) < m{a'^~^{l)) for all fc G N. We therefore have 

j(^'-Hi))>(j + i)(^ni)) 

for every A; G N and every j > m. Thus 

m(l) > (m + l)(c7(l)) > (m + 2)((72(1)) > (m + 3)(a^(l)) > • • • , 

from which the claim easily follows. □ 

Lemma 2.9. For each non-zero a G there are integers k,n> I such that n{a^{l)) < n{a) . 

Proof. By Lemma 2.4 it suffices to show that there exists an integer k such that d{{a'^{l))) < 
d{{a)) for sl\deDF{A). Put 

c = inf{d((a)) I d G DF{A)} > 0, 

let m G N be as in Lemma 2.8 and find n G N such that m/n < c. Then by Lemma 2.8 there 
is /c G N such that n{(j^{l)) < m(l), and so d{{a^{l))) < c < d((a)) for ah d G DF{A). □ 

Proof of Theorem 2.2. By Theorem 2.1 (ii) and Lemma 2.3 it suffices to show that for each 
non-zero positive a in A there is a fc G N such that (cr'^(l)) < (a). 

Let m G N be as in Lemma 2.8 and use Lemma 2.5 to find a non-zero positive 6 in ^ 
with m{h) < (a). Use Lemma 2.7 (i) to find I G N and a non-zero positive element 6i in Ai 
with < (6). According to Lemma 2.9 and the choice of m there exist ki,k2,n G N such 
that n(cr'=i(l)) < n{bi) and n{a''''{l)) < m(l). Use Lemma 2.7 (ii) to find j > max{l,ki} 
such that the inequality n{(7^^{l)) < n{bi) holds in S{Aj). Let A be the j'th power of the 
one-sided Bernoulli-shift on A. Then A is an endomorphism on A whose image is equal to 
AnA'j. Observe that n(A(cj''2 (1))) < m{l) in S{AnA'j). It follows that there exists a system 
of matrix units (ejj)i<j_j<„ in Mm{A f) A'^) such that en is equivalent to 



/A(a'=^(l)) \ 



y 



eM^{AnA', 
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relative to Mm{A n A'j). Set k = j + k2{>ki + k^). Then Lemma 2.6 yields 

{a^{l)) < (A(a'=2(l))a'=ni)) < n(A(a'=^ (1)) < m{bi) < (a) 
as desired. □ 

§3. Purely infinite simple free product C*— algebras 

In this section, we use Theorem 2.1 to show that certain C*-algebras arising as reduced 
free products are purely infinite and simple. 

For any C*-algebra A with state ip, denote the defining mapping A L^{A, ip) hj a t-^ a. 
For a Hilbert space, Ji, we denote by X{'K) the C*-algebra of compact operators on 'K. 

Theorem 3.1. Let A^ C and B be C* -algebras with states ipA and (ps, respectively, whose 
G.N.S. representations are faithful. Fix N G {2,3,4,...}, let {eij)i<ij<N be a system of 
matrix units for Mn{C) and let ipN denote the state on Mn{C) such that </?jv(eii) = 1. 
Consider the reduced free product C* -algebra, 

(21, <p) = {A, ^a) * (Mjv(C) ® 5, ® Pb)- 

If the pair [{A,ipa),{B,ipb)) has property Q, defined below, then 2t is simple and purely 
infinite. 

Several of the intermediate results in the proof of this theorem arc valid also without 
assuming property Q; we will explicitly remark that we need property Q whenever this is the 
case. Let us now define property Q. Write 

"Ka = L (A, (Pa), = © CI, 

:Kb = l\b,pb), ^B = ^BQCi, 

and let and Xb denote the left actions of A on "Ka, respectively B on IKg. Denote by 
A*r B the reduced C*-algebra free product, 

{A *r B, pa*b) = [A, pa) * {B, pb)- 

Let ^A*B = L'^{A *r B,pa*b) and denote the usual left action (see [14, §1.5]) of A*^ B on 
^A*B by Xa*b- We have 

%A*B =Ci(B ^Cxi ® •••®^Cx„. 

n>l 

X,€{A,B} 
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Define the following subsets of ^a*b' 

3" = e 0!Ka (8) (g) ^Ca)®" 

n>l 

J'^ = 3^0(3^® :Kb). 

o 

Identify "Kb with the subspace, CI © "Kb Q ^a*b- Let V be the isometry from 'Ka*b © "^b 

o o o o ^ 

onto 3^1 (g) "Kb that sends "Kx^ <^ ■ ■ ■ ® to (!Kxi • • • (8) (8) 1 if X„ = A and to 

(^Cxi (8 • • • (8 :Kx„_i) ^Cb if Xn = B. 

Definition 3.2. Let pB be the orthogonal projection from 'Ka*b onto 'Kb- We say that the 
pair ((A, (^a), {B,(fB)) has property Q if 

Proposition 3.3. (^{A,(pa),{B,(Pb)) has property Q if any of the following conditions are 
satisfied: 

(i) {A,ipA) = (C*(Gi),tgi) and {B,ipb) = (C'r (^2), TG2) where Gi and G2 are nontrivial 
discrete groups and tg, is the canonical trace on C*{G^); 

(ii) there are unitaries ua € B{J{A)C\XA{Ay anduB € B{K.B)r\XB{By such thatuA^A -L 
1a and ub^b -L 1b/ 

(iii) B = C and Xa{A) D X{Ka) = {0}; 

(iv) B is finite dimensional and \a*b{A *r B) n %{Ka*b) = {0}. 

Proof. It is clear that (iii) =^ (iv) =^ property Q. Since the right translation operators on 
P{Gi,) are unitaries commuting with the left translation operators, if {A, ipa) and {B, ipb) are 
as in condition (i) then condition (ii) is satisfied. Hence we must only show that condition (ii) 
implies property Q. Assume (ii) is satisfied and let ^ x e A *r B , x > 0. We will show that 
V{1-pb)Xa*b{x){1-pb)V* ^ X{3^i)®B{'Kb). There is C e Ka*b such that {Xa*b{x)C,0 ^ 
and we may assume without loss of generality that either 

C = i, 

or CeJCb 

or C e {Ka (8 ^Kb)®", some n > 1, 
or C G ^Cij (8 CKa <8 ^Cb)®'', some n > 1, 
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or 



or C G {^B ® some n > 1, 

or C e 3<A ® {^B ® 5<a)®'', some n > 1. 



(3) 



Let 



ub '■ B{!Kb) B{!Ka*b) 

be the "right actions" as in [14, §1.6], so that, by Voiculescu's characterization of the commu- 
tant, aA{uA), o-b{ub) € Aa*b(^ *r B)' fl B{^a*b)- If one of the four cases in (2) holds then 
let Wm = i(TB{,UB)(^A(,UA))'^ SO that, e.g., 



On the other hand, if one of the three cases in (3) holds then let Wm = io'A{uA)o'B{uB))"^ ■ 
Then for every m > 1, VwmC G {Pkm-^i) <8) ^Kb, where Pk is the projection from S'l onto 
(JiB (g) •Ka)®''^^ if A; is even and onto ^a ® {^b ® ^a)®^''~^^^^ if A; is odd, and where kj+i = 
kj + 2 for all j > 1. In particular, wi(, W2C, wsC, ... is a sequence of mutually orthogonal 
vectors, all having the same norm. But because Wm is a unitary that commutes with Xa*b{x), 
{><A*B(x)wmC,WmO = {>^a*b{x)C,C) for all m, hence V{1 - Pb)><a*b{x){1 - Pb)V* 

xiS'i)® b{:Kb). n 

Now we prove Theorem 3.1 and we begin by examining L^(2l, (^). Note that (e„i)i<„<Ar 
is an orthonormal basis for L^(Mjv(C), <^jv) and that en = 1. Thus 



AT 



^M^iO^B = L^{Mn{C) ®B,ipM® 'Pb) = eni (8) ^B- 



n=l 



Let IKmjv(C)(S)B = ^Mjv(C)(S)B © C(eii (g) Ib). By Voiculescu's construction. 



n>l 

Xje{A,Mjv(C)®B} 



o 



with 21 acting on 'K on the left in the usual way. We will examine how enSlen acts on enJf. 

o o 

Identify 'Kb with en (gi^KB C 'Km„{C)'SiB and JCs with en (SiKb and thus identify 'Ka*b with 



PURELY INFINITE SIMPLE C*-ALGEBRAS 15 

o o 

the subspace of exxK C J{ spanned by all the tensors in "Ka and e\\® "Kb- Consider the 

subspaces of enJi defined by 

2<fci,... ,kn<N 

= © 9'/<8)(^KB(g)efc,i)(g)?'(g)(J{B(g)efe,i)(g)---(g)5'(g)(!KB(g)efc^i)(g)3'^. 

2<ki,...,k„<N 

Then 

eii:K = Vo0(VMeV(„)). 

n>l 

Let W„ = efc>„(V(fc) e V[fe]) so that n„>i W„ = {0}. 

We also regard A *j. S as a subalgebra of 21 in the canonical way. Let Aq C ker (pA be 

o 

such that span^o is norm dense in kercpA and {x \ x e Aq} is an orthonormal basis for IKa 
and let Bq C keri^s be such that spanSo is norm dense in keripB and {x \ x e Bq} is an 

o 

orthonormal basis for !Kb. Let 

F=\J AoBoAo_-BoAo 

n-l times Bo^o 

Fi = FU BoF, 

so that {x \ X e F} is an orthonormal basis for H, {x \ x e Fi} is an orthonormal basis for 9^/ 
and span({l} U U F/ U FBq) is dense in A *r B. For x G F/ and 2 < n < A?" let 

T(x,n) = ciixeni G 21. 

Then r(x, n) is maps eu'K onto 

(^x(g)(J{B (g)e„i)j e (x <^ {JCb <^ eni) <^ S'r^ e 

e x(g) (g) e„i) (g) 3^(8) (g) efe^i) ® • • • (^S"® (^B ® efc^i) 

2<fci,...,fc„<Af (4) 

e x(8) (g) e„i) (g) 3^(8) (g) efc^i) ® • • • (^S"® (^B ® efc^i) ® S'r- 

m>l 
2<fci,... ,km<N 

More specifically, taking an orthonormal basis for en'Ji consisting of tensors, each of the form 
y or y (g) • • • for some y G Fi, we see that T{x,n) maps each such element to x (g) ei„ (g) 



16 DYKEMA AND R0RDAM 

y((g) • • • ). Thus T{x, n) is a one-to-one mapping from an orthonormal basis for eii?{ onto and 
orthonormal set spanning the space given in (4), thus is an isometry from en'K onto this space. 
Hence {T{x,n))x^p^^2<n<N is a family of isometrics having orthogonal ranges. Moreover, the 
strong-operator limit 

= X] T{xi,ki) ■ ■ ■T{xn,kn)T{xn,kn)* ■ ■ ■T{xi,ki)* (5) 
xi,... ,x„eFi 

2<fci,... ,fc„<Af 

is the projection from enJi onto >V„. 

Lemma 3.4. For every x & Fi and every 2 < n,m < N , 

Proof. We have 

emm'K = i^B O Sml) <^ e„i) <^ % • • • , 

where this formula continues as in (4), but without the x, so xe^mlK = T{x,m)^ C enIK. 
□ 

Lemma 3.5. If zi,Z2 & A*r B then 

eii-zieii2;2eii G 611^1^2611 + span |^ T{x,n)BT{y,n)* . (6) 

2<n<N 
x,yeFi 

Proof. It will be enough to show (6) for zi and Z2 in a set that densely spans A *r B, hence 
we assume without loss of generality that Zj e B U FiB. If either zi & B or Z2 & B then 
enZienZ2en = enZi 2:2611. If Zj = fjbj for fj G Fi and bj G (j = 1,2), then 

N 

611 2;i 611^2 en = en^i^leii - ^ 611^1 6„i6i„2;|6ii 

n=2 
JV 

= eiizizleii - ^eii/i6„i6i626i„/|6ii 

n=2 

AT 

= eii-2i4eii - 5^r(/i,n)6i6^r(/2,n)*. 

n=2 

□ 
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Lemma 3.6. For every xq G Fi, and 2 < n < N, 



eii{A *r B)eiiT{xo,n) C. span T{x,n)B. 

xeFi 



Proof. Let z e A*rB. Then 



euzeiiT{xo,n) = enzenXoeni = enzx^eni - ^ en^efefe^oeni = eiizxoeni, 

k=1 

where the last equahty follows from Lemma 3.4. Thus 

eii2;eiir(xo, n) G eii(A *r -B)e„i C span T{x,n)B. 

xeFi 



□ 



(7) 



Lemma 3.7. 

eiiSteii = C*(eii^eii UeiiBU [J enker ipAeni) 

2<n<N 

= C*{eiiiA*rB)eiiU \J euF^e^i) 

2<n<Ar 

= spanf (J T{xi,ni) ■ ■ ■T{xp,np)eii{A*r B)eiiT{yg,mq)* ■ ■ ■T{yi,mi)*j. 

p,q>o ^ 

2<nj,mj<N 

Proof. Because 21 is generated by A and B together with the system of matrix units (ejj)i<jj<jv, 
we have that 

eii2leii = C*( [J euAejiU (J euBeji). 

l<i,j<N l<i,j<N 

Using Lemma 3.4 and that B commutes with eij, the first equality of (7) clearly holds and 

then the second equality is also clear. Now the third equality follows from Lemmas 3.5 and 3.6 

and the fact that, for x,y e Fi and 2 < n,m < N, 

eii if x = y and n = m 
otherwise. 

□ 

For p > 1 let 

«Bp = span( y T{xi,ni) ■ ■ ■T{xk,nk)eii{A*r B)eiiT{yk,mk)* ■ ■ ■T{yi,mi)* 

^ 0<fc<p-l 
Xj,yjeFi 
2<nj,mj<N 

U U T{xi,ni)---T{xp,np)BT{yp,mpy---T{yi,miyj 

Xi,yi&Fi 



T{y, m)*T{x, n) 



and let *8 = ljp>i Hence is an invariant subspace of *B, for all n > 1. Based on 
Lemmas 3.5 and 3.6, we have 
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Observation 3.8. Each *8p and also OS is a C*-subalgebra of enSlen. For any fixed xo e Fi, 
eiiSleii = C*(*B U {T{xo,2)}) and z r(xo, 2)zr(xo, 2)* is an endomorphism, call it a, of 
*B. Hence enSten is a quotient of the universal crossed product, *8 x^r N, of *B by the 

endomorphism a. Therefore, once wc have proved the following two propositions. Theorem 2.1 
will imply that this universal crossed product is simple and purely infinite and Theorem 3.1 
will be proved. 

Proposition 3.9. // [{A, (Pa), {B,(Pb)) has property Q then for every z G 05 such that z>0 

and z ^ 0, there are n G N and x G *B such that xzx* = a^{eii), i.e. o""'(eii) < z. 

Proposition 3.10. Let (®,Q;) be the C* -dynamical system associated to (05,0") as described 
at the beginning of § 2. For no m> 1 is the automorphism a™ of *8 inner. 

In order to prove these propositions, let us define, for n > 1, 
T„ = spanf y T{xi,ni)---T{xk,nk)eniA*r B)enT{yk,mk)* ■■■T{yi,mi)*\. 

^ k>n ^ 

Xj,yj<^Fi 
2<nj,mj<N 

Clearly, T„ is an ideal of 05, In 2 ^n+i, r\n>i-^n = {0} and In vanishes on W„. The 
following lemma may be of interest, although it is not used in the sequel. 

Lemma 3.11. 05 /Ti = A*rB and 

In/In+i = {A*rB)^X for all n > 1, (8) 

where X appearing in (8) is the algebra of compact operators on the infinite dimensional Hilbert 
space ((3^^ ®C^-i)®"). 

Proof. Let us first consider the case of 05/Ti. Let l : A*r B ^ ^he the canonical (functorial) 
inclusion. Consider the mapping tt : A *r B ^ 05/Ti given by Tr{z) = [eii<-(2;)eii] G 58/Ti. 
By Lemma 3.5, tt is a *-homomorphism. But since Ti vanishes on Vq = ^a*b, the map from 
to A*r B given by [y] is well-defined and is the inverse of tt. Hence tt is an 

isomorphism. 
For n > 1, 

{T{xi,ki) ■ ■ ■T{xn,kn)T{yn,ln)* ' ■■T{yi,li)* I Xj,yj G F;, 2 < kj,lj < N} 
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is a system of matrix units whose closed linear span is a copy of X{{3^i (g) c^-i)®") and there 
is an isomorphism T„ ^ *8 (8) 0C{{3^i (g) c-'^"^)®") given by, for z e A *r B and p> n, 

T{xi, fci) • • • T{xp, kp)zT{yp, 1^)* ■ ■ ■ T{yi, h)* ^ 

{T{xn+i,kn+i) ■ ■ ■ T{xp, kp)eiizenT(yp, Ip)* ■ ■ ■ r(y„+i, Z„+i)*(8) 

r---T{yuhr). 

This isomorphism sends onto Ii (g) 0<:((5'; (g) C^"^)®"), so 

□ 

Lemma 3.12. // ((^, (^^), {B,ipb)) has property Q, z e ^ and z vanishes on Wn for some 
n, then 2; = 0. Consequently \\PYj^zPy\;^\\ = \ \z\\ for all z e ^ and for alln> 1. 

Proof. First consider the case n = 1. We have enIK = Vq ® Wi and there is a unitary 

Ui-.Wi^s'i^ c^-^ (g) (g) :v 

for an infinite dimensional Hilbert space, y, such that for x,y & Fi and 2 < n,m < N, 

T{x,n)T{y,m)* = Ovo ® fx, y ^ en,m ^ 1:Kb ^ ^y)Ui 

where f^^y is the rank-one operator on 9^/ sending y to x and where en,m is the rank-one 
operator on C^~^ sending the (m — l)st standard basis vector to the (n— l)st. Hence we have 
that 

<^Ovo®Ul{%{3'i)0B{C^-^)^B{:KB)^Biy))Ui. (9) 

For d € B we have endenL, = XA*Bid) under the identification of Vq with 'Ka*b- Recall 
(from just before Definition 3.2) the unitary 

V : 'Ka*b Q "^b ^ 3"; (g) 'Kb- 

Let 

V : {"Ka^b e "Kb) ® C^"^ ^"Ji® C^"^ ® "Kb 

be such that ® 6 ® 6) = ® 6) ® 6, just pushes C^"^ through and acts 

like V on the rest. Then it is easily seen ior d ^ A*r B that 

«7i(enden|^J?7i* = V {{I - pb)\a*b{<1){1 - Pb) ® lc^-i)V^* ® ly- (10) 
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Prom the proof of Lemma 3.11, there is a *-homomorphism t/j : ^ ^ A B, whose kernel 
is Ti, given by ip{z) = and the mapping A *r B 3 d enden is a right inverse for 
Hence z = eiiV'(^;)eii + zi where zi G Xi and so, using (9) and (10), 

Ui{z\^jU* G (f((1-pb)Aa*b(V'(^))(1-Pb)<81c'v-0^^*+3C(:F0®^(C'^"')®^(^b))<^^(3^)- 

(11) 

But assuming that property Q holds, using (II) the supposition that z\y^ = implies that 
ip{z) = 0. But then z G Xi and Xi has support equal to Wi, so z = 0. Hence the first part of 
the lemma is proved in the case n = 1. 

Now we will show, for n > I, and z G that = implies z\.., = 0, which when 

combined with the case proved above will show that z = 0. For every xi, . . . , x„, yi, . . . , ?/„ G 
Fi and 2<ki,... , A;„, Zi, . . . ,ln< N, 

T{xn, KT ■ ■ ■ T{h, hyzT{y^, h)--- T(2/„, Z„) G « 

vanishes on Wi, hence is equal to zero. Therefore by (5) Py\;^zPy\;^ = and, since is 
invariant under 05, zPvv„ = 0, as required. 

Now since Pw„ commutes with 55, the mapping z Pw^zPw„ is a *-homomorphism 

with zero kernel, proving that llPyVn-^^-fyVnll = 11^11- ^ 

Proof of Proposition 3.9. First suppose 7^ z > 0, z G ?8p, some p > 1. By Lemma 3.12, 
^lyv ^ ^' Looking at the definition of Wp, we see that there is a canonical unitary 

for yp the infinite dimensional Hilbert space, © ® • • • ; such that 

Up^pU; = %{{3^i ® C^-i)®P) ® Ab(5) ® ly^ 

with 

{UpT{xi,ki) ■ ■ ■T{Xn,kn)T{yn,lny ■ ■ ■T{yi,li)*U*)^.^y.eFi,2<kj,lj<N 

being a system of matrix units for 3C((?'; (g) C-'^"^)®^') (g) 1^^ (g) 1^^. Since Pw^, commutes with 
z we have z > z\ = Pyy zPvv„ > and there is a vector, C G (3"; (g C''^"-^)®^ (g "Kb such 
that if g is the projection onto C then z > cU*qUp for some c > 0. Let C' £ 9"(g C-'^"-'- be 
nonzero, so 

thatCtgC G (Jj(g)C^-i)®P+i and let g' be the projection onto C^C'f^ ^fif^^^p+i- 
Then z > cU^qU; > cU;+^q'Up+i. Since both q' and Up+iT{xo,2)P+\T{xo,2)*)P+^U;+^ are 
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minimal projections in X{{yi (g) C^-'^^'^p'^ ^ ir^^ (g) ly^ c C/p+iQSp+iC/p_,_i, it is clear that 
U*^^q'Up+i is equivalent in !Bp+i to the projection T{xo,2)p+'^{T{xo,2)*)p+^ = aP+'^{eii). 
Hence z > cr^"'"^(eii), as required, and there is y G 05 such that aP~^^{eii) = yzy*. Since we 
may assume that U*C,Up is in the range of the spectral projection for z corresponding to the 
interval ||z||] , we may assume ||y|| < V2||-z||~"^^^- 

For general z G 55, 7^ z > 0, there is p > 1 and z G *Bp, 7^ z > such that 
\\z -z\\< 11^11/3. Let y be such that < V2||5||"^/^ and crP+^(eii) = yzy* holds. Then 

II + I I ^11"^ "^11 I I I I 

\\yzy -yzy II < < ^ < i' 

and by the continuous function calculus and the theory of projections there is y' G OS such 
that crJ'+^(eii) = y'z{y')*, namely crP+^(eii) < z. □ 

Proof of Proposition 3.10. Recall that 05 is the inductive limit of 

with corresponding embeddings /i„ : S ^ © (n > 1) such that Uniz) = /x„+i(a(z)) and the 
automorphism a is defined by a{fin{z)) = Uni^iz)) for all n > 1 and 2; G OS. For A; G Z 
consider 



^k= U IJ-ni^k+n) C 05. 

n>max(l,— fe) 

Then Ik is an ideal of *8 and 

2 Ik+i, [J^k = ^, Cl^i^^ ^"^^ "(^fc) = ^k+i- 

k k 

Let TTfe : *B ^ *B/Xfc be the quotient map z 1— > z + Xfc. Since the union of the ideals is *B and 
their intersection is {0}, we have for every z G ® that 

lim ||7rfc(2;)|| = and lim ||7rfc(z)|| = 

fe— » — 00 fc— >+oo 

Moreover, 

lkfc(2)|| = Hz = ||a(2; = ||a(z) +Xfc+i|| = lkfe+i(a(2:))||. 

Supposing to obtain a contradiction that a™ is inner for some m > 1, there is 7^ n G ® such 
that a^{u) = u. There are e > and Ki,K2 G Z such that ||7rfc(n)|| < e for all k < Ki and 
||7rfc(u)|| > 2e for ah k > K2. But ||7rfe(w)|| = ||7rfe+m(a™'(n))|| = ||7rfc+m(ii)||, which implies 
e > 2e. □ 
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